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DISJOINT SUPERHEAVY SUBSETS AND FRAGMENTATION
NORMS
MORIMICHI KAWASAKI AND RYUMA ORITA
Abstract. We present a lower bound for a fragmentation norm and construct
a bi-Lipschitz embedding I : Rn → Ham(M) with respect to the fragmentation
norm on the group Ham(M) of Hamiltonian diffeomorphisms of a symplectic
manifold (M,ω). As an application, we provide an answer to Brandenbursky’s
question on fragmentation norms on Ham(Σg), where Σg is a closed Riemann-
ian surface of genus g ≥ 2.
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1. Introduction
1.1. Background and definition. Let (M,ω) be a symplectic manifold. Let
Ham(M) denote the group of compactly supported Hamiltonian diffeomorphisms
of M . In his well-known work [Ba], Banyaga proved the simplicity of Ham(M)
when M is a closed symplectic manifold. The key ingredient was the proof of the
fragmentation lemma for this group, which, in turn, allows us to define fragmen-
tation norms on Ham(M) as follows. Let U = {Uλ}λ be an open covering of M .
The fragmentation lemma implies that for every φ ∈ Ham(M) there exists a pos-
itive integer n such that φ can be represented as a product of n diffeomorphisms
θi ∈ Ham(Uλi), where λi ∈ λ and 1 ≤ i ≤ n. For φ 6= idM , its fragmentation norm
‖φ‖U with respect to the covering U is defined to be the minimal number of factors
in such a product. We set ‖φ‖U = 0 when φ = idM . Accordingly, the fragmentation
norm with respect to an open subset U of M is defined as follows. We consider an
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open covering UU consisting of all open subsets V such that ψ(V ) ⊂ U for some
ψ ∈ Ham(M). The fragmentation norm ‖φ‖U of φ is defined to be ‖φ‖UU .
Entov and Polterovich [EP03] provided a lower bound for the quantitative frag-
mentation norm [EP03], using primarily the Oh–Schwarz spectral invariant con-
structed using Hamiltonian Floer homology. Subsequently, Burago, Ivanov, and
Polterovich [BIP] provided a lower bound for the fragmentation norm itself, also
using the Oh–Schwarz spectral invariant, but their argument had a different basis;
see also [En, Section 4.4]. In addition, Lanzat [La] and Monzner, Vichery, and
Zapolsky [MVZ] provided lower bounds for the fragmentation norms in the case in
whichM is an open symplectic manifold, basing their strategies on arguments from
[EP03]. In addition, Brandenbursky and Brandenbursky–Ke¸dra [Br, BK] provided
a lower bound for the fragmentation norm using a Polterovich quasi-morphism
whose construction does not involve Floer theory.
Recently, fragmentation norms have been receiving considerable attention, be-
cause they are known to be related to the open problem of the simplicity of the
group of compactly supported measure-preserving homeomorphisms of an open disk
in the Euclidean plane [LR, EPP].
In the present paper, we provide a lower bound for the fragmentation norm and
construct a bi-Lipschitz embedding I : Rn → Ham(M) with respect to the fragmen-
tation norm on Ham(M). Our strategy of the proof is based on the work of Entov,
Polterovich, and Py [EPP]. As an application, we provide an answer to Branden-
bursky’s question [Br, Remark 1.5]. The solution involves both Hamiltonian and
Lagrangian Floer theory.
1.2. Principal results. Let (M,ω) be a symplectic manifold. Let H˜am(M) denote
the universal cover of Ham(M). Here we define subadditive invariants on H˜am(M)
as a generalization of the Oh–Schwarz spectral invariant and the Lagrangian spec-
tral invariant.
Definition 1.1. A function c : H˜am(M) → R is called a subadditive invariant if
it satisfies the subadditivity condition, i.e., c(φ˜ψ˜) ≤ c(φ˜) + c(ψ˜) for any φ˜, ψ˜ ∈
H˜am(M).
Remark 1.2. Polterovich and Rosen introduced a function similar to our subadditive
invariant [PR, Section 3.4]. However, in addition to subadditivity, they assumed
conjugation invariance. In this paper, we do not make that assumption, because in
Section 6, we deal with Lagrangian spectral invariants, which are not conjugation
invariant.
Let N be a positive integer. The oscillation norm osc on RN is defined to be
osc(r1, . . . , rN ) = maxi,j |ri − rj | for (r1, . . . , rN ) ∈ RN . We refer to Section 3 for
the definitions of the notions appearing in the following principal theorems.
Theorem 1.3. Let c0, c1, . . . , cN : H˜am(M)→ R be subadditive invariants descend-
ing asymptotically to Ham(M). Let U be an open subset of M satisfying the nor-
mally bounded spectrum condition with respect to ci for all i = 0, 1, . . . , N . Let
X0, X1, . . . , XN be mutually disjoint closed subsets of M such that each Xi is ci-
superheavy. Then there exists a bi-Lipschitz injective homomorphism
I : (RN , osc)→ (Ham(M), ‖ · ‖U ).
When c0, c1, . . . , cN are quasi-morphisms, we obtain a stronger result than The-
orem 1.3.
Theorem 1.4. Let c0, c1, . . . , cN : H˜am(M)→ R be subadditive invariants descend-
ing asymptotically to Ham(M) that are quasi-morphisms. Let U be an open subset
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of M satisfying the asymptotically vanishing spectrum condition with respect to ci
for all i = 0, 1, . . . , N . Let X0, X1, . . . , XN be mutually disjoint closed subsets of
M such that each Xi is ci-superheavy. Then, there exists a bi-Lipschitz injective
homomorphism
I : (RN , osc)→ (Ham(M), ‖ · ‖U ).
Concerning the fragmentation norm ‖ · ‖U with respect to an open covering U ,
we have the following theorem.
Theorem 1.5. Let c0, c1, . . . , cN : H˜am(M)→ R be subadditive invariants descend-
ing asymptotically to Ham(M). Let U = {Uλ}λ be an open covering of M such
that each Uλ satisfies the bounded spectrum condition with respect to ci for all
i = 0, 1, . . . , N . Let X0, X1, . . . , XN be mutually disjoint closed subsets of M such
that each Xi is ci-superheavy. Then, there exists a bi-Lipschitz injective homomor-
phism
I : (RN , osc)→ (Ham(M), ‖ · ‖U).
We prove Theorems 1.3, 1.4, and 1.5 in Section 5.
2. Applications
In this section, we provide applications of our principal theorems.
Let (M,ω) be a symplectic manifold and X a subset of M . An open subset
U ⊂M is called displaceable from X if there exists a Hamiltonian H : S1×M → R
such that ϕH(U)∩X = ∅, where ϕH is the Hamiltonian diffeomorphism generated
byH andX is the topological closure ofX . U ⊂M is called (abstractly) displaceable
if U is displaceable from U itself.
2.1. B2n. We consider the 2n-dimensional ball
B2n =
{
(p, q) ∈ Rn × Rn
∣∣ |p|2 + |q|2 < 1} ⊂ R2n
equipped with the symplectic form dp1∧dq1+· · ·+dpn∧dqn, where p = (p1, . . . , pn)
and q = (q1, . . . , qn). We have the following corollary of Theorem 1.4.
Corollary 2.1. For any open ball B(r) ⊂ R2n of radius r < 1 centered at 0 ∈ R2n
and any positive integer N , there exists a bi-Lipschitz injective homomorphism
I : (RN , osc)→ (Ham(B2n), ‖ · ‖B(r)).
We prove Corollary 2.1 in Section 7.
Remark 2.2. Entov, Polterovich, and Py implicitly proved a similar statement when
r is sufficiently small [EPP].
2.2. S2 × S2. We consider the product S2 × S2 with the symplectic form pr∗1ω1 +
pr∗2ω1, where ω1 is a symplectic form on S
2 with
∫
S2 ω1 = 1 and pr1, pr2 : S
2×S2 →
S2 are the first and second projections, respectively. Let E denote the equator of
S2.
We have the following corollary of Theorem 1.4
Corollary 2.3. Let U be an open subset of S2 × S2 that is either abstractly dis-
placeable or displaceable from E×E. Then, for any positive integer N , there exists
a bi-Lipschitz injective homomorphism
I : (RN , osc)→ (Ham(S2 × S2), ‖ · ‖U ).
We prove Corollary 2.3 in Section 7.
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2.3. CP 2. Let (CP 2, ωFS) be two-dimensional complex projective space equipped
with the Fubini–Study form. Then, the real projective space RP 2 is naturally
embedded in (CP 2, ωFS) as a Lagrangian submanifold. The Clifford torus LC is
the Lagrangian submanifold
LC =
{
[z0 : z1 : z2] ∈ CP
2
∣∣ |z0| = |z1| = |z2|} .
By [BEP], LC is a stem in the sense of [EP06, Definition 2.3]. There is another La-
grangian submanifold LW constructed by Wu [Wu] that is disjoint from RP
2. We
call LW the Chekanov torus. Although there are some other Lagraingian subman-
ifolds of CP 2 called the Chekanov torus [CS, Ga, BC], Oakley and Usher proved
that they are all Hamiltonian isotopic [OU].
We have the following corollary of Theorem 1.4.
Corollary 2.4. Let U be an open subset of CP 2 satisfying one of the following
conditions:
(i) U is abstractly displaceable.
(ii) U is displaceable from RP 2 and LW .
(iii) U is displaceable from LC.
Then, there exists a bi-Lipschitz injective homomorphism
I : (R, |·|)→ (Ham(CP 2), ‖ · ‖U ).
Here |·| is the absolute value.
2.4. Surfaces. Let (Σg, ω) be a closed Riemannian surface Σg of genus g with an
area form ω. Brandenbursky studied fragmentation norms on Ham(Σg) under some
assumptions.
Theorem 2.5 ([Br, Theorem 4]). Let g be a positive integer with g ≥ 2 and
U be a contractible open subset of Σg. Then, there exists a bi-Lipschitz injective
homomorphism
I : (Z2g−2, ‖ · ‖word)→ (Ham(Σg), ‖ · ‖U ).
Here ‖ · ‖word is the word metric on Z2g−2. We point out that Burago, Ivanov,
and Polterovich [BIP] already proved the existence of a bi-Lipschitz injective homo-
morphism I : (Z, |·|)→ (Ham(Σg), ‖ · ‖U ), where g is positive and U is displaceable.
Relating to Theorem 2.5, Brandenbursky asked whether one can construct a bi-
Lipschitz injective homomorphism ZN → Ham(Σg) for any N and any g ≥ 2 [Br,
Remark 1.5]. As a corollary of Theorem 1.3, we solve his problem and generalize
Theorem 2.5.
Corollary 2.6. Let g be a positive integer. Let U be a contractible open subset of Σg
and N a positive integer. Then, there exists a bi-Lipschitz injective homomorphism
I : (RN , osc)→ (Ham(Σg), ‖ · ‖U ).
Remark 2.7. Since all norms on a finite-dimensional vector space are equivalent,
the restriction of osc to Z2g−2 ⊂ R2g−2 is equivalent to the word metric on Z2g−2.
Moreover, as a corollary of Theorem 1.5, we prove the following result.
Corollary 2.8. Let g be a positive integer and C be a non-contractible simple
closed curve in Σg. Let U = {Uλ}λ be an open covering such that each Uλ is
displaceable from C. Then, for any positive integer N , there exists a bi-Lipschitz
injective homomorphism
I : (RN , osc)→ (Ham(Σg), ‖ · ‖U).
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We prove Corollaries 2.6 and 2.8 in Section 7.
Let N denote the set of positive integers. For ~g = (g1, . . . , gn) ∈ Nn, let (Σ~g, ω)
denote the product manifold Σ~g = Σg1 ×· · ·×Σgn with a symplectic form ω. Entov
and Polterovich constructed a partial Calabi quasi-morphism (see Section 8 for the
definition) on Ham(Σ~g) for any ~g ∈ N
n by using the Oh–Schwarz spectral invari-
ant [EP06]. They asked whether one can construct a Calabi quasi-morphism on
Ham(Σg) for positive g. Py gave a positive answer to their question. Moreover, he
constructed an infinite family of linearly independent Calabi quasi-morphisms on
Ham(Σg) for positive g [Py06a, Py06b]. Brandenbursky provided another construc-
tion of such an infinite family for g ≥ 2 [Br]. Brandenbursky, Kedra, and Shelukhin
[BKS] also provided a construction of Calabi quasi-morphisms in case g = 1. In
this paper, we prove the following theorem.
Theorem 2.9. For any ~g ∈ Nn, the dimension of the space of partial Calabi quasi-
morphisms on Ham(Σ~g) is infinite.
We prove Theorem 2.9 in Section 8.
3. Preliminaries
In this section, we provide the defnitions appearing in Sections 1 and 2, and
review their properties. Let (M,ω) be a 2n-dimensional symplectic manifold.
3.1. Conventions and notation. For a Hamiltonian H : S1×M → R with com-
pact support, we set Ht = H(t, ·) for t ∈ S1. The mean value of H is defined to
be
〈H〉 = Vol(M)−1
∫ 1
0
∫
M
Htω
n dt,
where Vol(M) =
∫
M
ωn is the volume of (M,ω). A Hamiltonian H is called nor-
malized if 〈H〉 = 0. The Hamiltonian vector field XHt associated with Ht is a
time-dependent vector field defined by the formula
ω(XHt , ·) = −dHt.
The Hamiltonian isotopy {ϕtH}t∈R associated with H is defined by{
ϕ0H = idM ,
d
dtϕ
t
H = XHt ◦ ϕ
t
H for all t ∈ R,
and its time-one map ϕH = ϕ
1
H is referred to as the Hamiltonian diffeomorphism
(with compact support) generated by H . Let Ham(M) and H˜am(M) denote the
group of Hamiltonian diffeomorphisms of M with compact support and its univer-
sal cover, respectively. An element of H˜am(M) is represented by a path in Ham(M)
starting from the identity. Hence, for every HamiltonianH : S1×M → R with com-
pact support, its Hamiltonian isotopy {ϕtH}t∈R defines an element ϕ˜H ∈ H˜am(M).
Let 1 denote the identity of H˜am(M), i.e., the homotopy class of the constant path
t 7→ idM in Ham(M).
For an open subset U of M , let H(U) be the subset of C∞(S1 ×M) consisting
of all Hamiltonians supported in S1 × U .
3.2. Subadditive invariants and superheaviness. Let c : H˜am(M) → R be a
subadditive invariant. We define a map σc : H˜am(M)→ R as
σc(φ˜) = lim
k→∞
c(φ˜k)
k
.
The limit exists by subadditivity property.
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Definition 3.1. Let π : H˜am(M)→ Ham(M) denote the natural projection.
(i) We say that a subadditive invariant c : H˜am(M)→ R descends to Ham(M)
if c induces a map c¯ : Ham(M)→ R such that c = c¯ ◦ π.
(ii) We say that a subadditive invariant c : H˜am(M)→ R descends asymptot-
ically to Ham(M) if the map σc induces a map σ¯c : Ham(M) → R such
that σc = σ¯c ◦ π.
By definition, every subadditive invariant descending to Ham(M) descends asymp-
totically to Ham(M).
Given two subadditive invariants, we can prove the following proposition.
Proposition 3.2. Let c, c′ : H˜am(M)→ R be subadditive invariants. Assume that
c′ descends asymptotically to Ham(M) and c(ϕ˜H) ≤ c′(ϕ˜H) holds for any Hamil-
tonian H : S1 ×M → R. Then, c also descends asymptotically to Ham(M).
To prove Proposition 3.2, we first prove the following lemma.
Lemma 3.3. Let c : H˜am(M) → R be a subadditive invariant. Then, c descends
asymptotically to Ham(M) if and only if σc|π1(Ham(M)) = 0.
Proof. The “only if” part follows immediately from the definition of descending
asymptotically. Accordingly, we prove the “if” part and assume that σc|π1(Ham(M)) =
0. Take φ˜ ∈ H˜am(M) and ψ˜ ∈ π1
(
Ham(M)
)
. By subadditivity, for any positive
integer k,
(1) c(φ˜k)− c(ψ˜−k) ≤ c(φ˜kψ˜k) ≤ c(φ˜k) + c(ψ˜k).
Since π1
(
Ham(M)
)
is a connected topological group with respect to the C∞-
topology, π1
(
Ham(M)
)
lies in the center of H˜am(M). Here note that the fundamen-
tal group π1(G) of a connected topological group G lies in the center of its universal
cover G˜ (see, for example, [Pon, Theorem 15]). Hence, c(φ˜kψ˜k) = c
(
(φ˜ψ˜)k
)
. Di-
viding (1) by k and passing to the limit as k →∞ yields
σc(φ˜)− σc(ψ˜
−1) ≤ σc(φ˜ψ˜) ≤ σc(φ˜) + σc(ψ˜).
Since ψ˜ ∈ π1
(
Ham(M)
)
and σc|π1(Ham(M)) = 0, we conclude that σc(φ˜ψ˜) = σc(φ˜).
Since σc(φ˜ψ˜) = σc(φ˜) for any φ˜ ∈ H˜am(M) and any ψ˜ ∈ π1
(
Ham(M)
)
, c descends
asymptotically to Ham(M). 
Proof of Proposition 3.2. By Lemma 3.3, it is sufficient to show that σc|π1(Ham(M)) =
0. Let H : S1 × M → R be a Hamiltonian generating idM ∈ Ham(M). Then,
ϕ˜H ϕ˜
−1
H = 1. By subadditivity,
c(1) ≤ c(ϕ˜kH) + c(ϕ˜
−k
H ).
Dividing by k and passing to the limit as k →∞ yields
0 ≤ σc(ϕ˜H) + σc(ϕ˜
−1
H ).
Since c′ descends asymptotically to Ham(M),
σc(ϕ˜H) ≤ σc′(ϕ˜H) = σ¯c′(idM ) = 0.
Similarly,
σc(ϕ˜
−1
H ) ≤ σc′(ϕ˜
−1
H ) = σ¯c′(idM ) = 0.
Thus,
σc(ϕ˜H) = σc(ϕ˜
−1
H ) = 0. 
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Definition 3.4. A closed subset X of M is called c-superheavy if
inf
S1×X
H ≤ σc(ϕ˜H) ≤ sup
S1×X
H
for any normalized Hamiltonian H : S1 ×M → R.
By definition, we have the following result.
Proposition 3.5. Let X be a c-superheavy subset of M . Then, for any α ∈ R and
any normalized Hamiltonian H : S1 ×M → R with H |S1×X ≡ α,
σc(ϕ˜H) = α.
3.3. Spectrum conditions. We define three kinds of spectrum conditions. We
recall that the mean value 〈H〉 of a Hamiltonian H : S1 ×M → R is given by
〈H〉 = Vol(M)−1
∫ 1
0
∫
M
Htω
n dt.
3.3.1. Normally bounded spectrum condition. Let c : H˜am(M) → R be a subaddi-
tive invariant.
Definition 3.6. An open subset U of M satisfies the normally bounded spectrum
condition with respect to c if there exists a positive number K > 0 such that for
any F ∈ H(U) and any ψ˜ ∈ H˜am(M),
(2) c(ψ˜−1ϕ˜F ψ˜) + 〈F 〉 ≤ K.
Remark 3.7. If we put c(H) = c(ϕ˜H) + 〈H〉 for a Hamiltonian H : S
1 ×M → R,
then the inequality (2) can be written as c(F ◦ψ) ≤ K. However, in this paper, we
avoid this notation for simplicity.
Remark 3.8. Definition 3.6 is equivalent to the existence of a positive numberK > 0
such that for any ψ ∈ Ham(M) and any F ∈ H
(
ψ(U)
)
,
(3) c(ϕ˜F ) + 〈F 〉 ≤ K
since the Hamiltonian diffeomorphism generated by F ◦ ψ is ψ−1ϕFψ.
Remark 3.9. When c is an Oh–Schwarz spectral invariant, the normally bounded
spectrum condition is equivalent to the bounded spectrum condition (see Definition
3.13) since Oh–Schwarz spectral invariants are conjugation invariant. The normally
bounded spectrum condition was introduced by Monzner, Vichery, and Zapolsky
[MVZ].
Proposition 3.10. Let U be an open subset of M satisfying the normally bounded
spectrum condition with respect to c. For any ψ ∈ Ham(M) and any F ∈ H
(
ψ(U)
)
,
σc(ϕ˜F ) = −〈F 〉.
Proof. Let ψ ∈ Ham(M) and F ∈ H
(
ψ(U)
)
. Note that the Hamiltonian −F ◦ ϕF
generates ϕ˜−1F and satisfies 〈−F ◦ ϕF 〉 = −〈F 〉. Since U satisfies the normally
bounded spectrum condition with respect to c, we can choose a positive number
K > 0 such that for any k ∈ Z,
c(ϕ˜kF ) + 〈kF 〉 ≤ K and c(ϕ˜
−k
F ) + 〈−kF 〉 ≤ K.
By subadditivity,
c(1) ≤ c(ϕ˜kF ) + c(ϕ˜
−k
F ).
Therefore,
−K + c(1) ≤ −c(ϕ˜−kF )− 〈−kF 〉+ c(1) ≤ c(ϕ˜
k
F ) + 〈kF 〉 ≤ K.
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Dividing by k and passing to the limit as k →∞ yields
σc(ϕ˜F ) + 〈F 〉 = lim
k→∞
c(ϕ˜kF ) + k〈F 〉
k
= 0. 
The following proposition is useful in the proof of Theorem 1.3.
Proposition 3.11. Let U be an open subset of M satisfying the normally bounded
spectrum condition with respect to c. Then, there exists a positive number K > 0
such that for any φ˜ ∈ H˜am(M), any ψ ∈ Ham(M) and any F ∈ H
(
ψ(U)
)
,∣∣∣σc(ϕ˜F φ˜)− σc(ϕ˜F )− σc(φ˜)∣∣∣ ≤ K.
To prove Proposition 3.11, we first prove the following lemma.
Lemma 3.12. There exists a positive number K > 0 such that for any φ˜ ∈
H˜am(M), any ψ ∈ Ham(M) and any F ∈ H
(
ψ(U)
)
,∣∣∣c(ϕ˜F φ˜)− c(φ˜) + 〈F 〉∣∣∣ ≤ K.
Proof. Let φ˜ ∈ H˜am(M), ψ ∈ Ham(M) and F ∈ H
(
ψ(U)
)
. Since U satisfies the
normally bounded spectrum condition with respect to c, we can choose a positive
number K > 0 such that
c(ϕ˜F ) + 〈F 〉 ≤ K and c(ϕ˜
−1
F )− 〈F 〉 ≤ K.
By subadditivity,
c(φ˜) ≤ c(ϕ˜−1F ) + c(ϕ˜F φ˜) and c(ϕ˜F φ˜) ≤ c(ϕ˜F ) + c(φ˜).
Therefore,
−K ≤ −c(ϕ˜−1F ) + 〈F 〉 ≤ c(ϕ˜F φ˜)− c(φ˜) + 〈F 〉 ≤ c(ϕ˜F ) + 〈F 〉 ≤ K. 
Proof of Proposition 3.11. Let φ˜ ∈ H˜am(M), ψ ∈ Ham(M) and F ∈ H
(
ψ(U)
)
.
For an integer k, decompose (ϕ˜F φ˜)
k into
(ϕ˜F φ˜)
k = ϕ˜F (φ˜ϕ˜F φ˜
−1) · · · (φ˜k−1ϕ˜F φ˜
−k+1)φ˜k.
Since φ˜iϕ˜F φ˜
−i = ϕ˜F◦φ−i for all i = 0, 1, . . . , k − 1, Lemma 3.12 implies that there
exists a positive number K > 0 such that∣∣∣c((ϕ˜F φ˜)k)− c((φ˜ϕ˜F φ˜−1) · · · (φ˜k−1ϕ˜F φ˜−k+1)φ˜k)+ 〈F 〉∣∣∣ ≤ K,∣∣∣c((φ˜ϕ˜F φ˜−1) · · · (φ˜k−1ϕ˜F φ˜−k+1)φ˜k)− c((φ˜2ϕ˜F φ˜−2) · · · (φ˜k−1ϕ˜F φ˜−k+1)φ˜k)+ 〈F ◦ φ−1〉∣∣∣ ≤ K,
· · ·∣∣∣c((φ˜k−1ϕ˜F φ˜−k+1)φ˜k)− c(φ˜k)+ 〈F ◦ φ−k+1〉∣∣∣ ≤ K.
Therefore, since 〈F ◦φ−i〉 = 〈F 〉 for all i = 0, 1, . . . , k−1, by the triangle inequality,∣∣∣c((ϕ˜F φ˜)k)− c(φ˜k) + k〈F 〉∣∣∣
=
∣∣∣c((ϕ˜F φ˜)k)− c(φ˜k) + 〈F 〉+ 〈F ◦ φ−1〉+ · · ·+ 〈F ◦ φ−k+1〉∣∣∣
≤
∣∣∣c((ϕ˜F φ˜)k)− c((φ˜ϕ˜F φ˜−1) · · · (φ˜k−1ϕ˜F φ˜−k+1)φ˜k)+ 〈F 〉∣∣∣
+
∣∣∣c((φ˜ϕ˜F φ˜−1) · · · (φ˜k−1ϕ˜F φ˜−k+1)φ˜k)− c((φ˜2ϕ˜F φ˜−2) · · · (φ˜k−1ϕ˜F φ˜−k+1)φ˜k)+ 〈F ◦ φ−1〉∣∣∣
+ · · ·
+
∣∣∣c((φ˜k−1ϕ˜F φ˜−k+1)φ˜k)− c(φ˜k)+ 〈F ◦ φ−k+1〉∣∣∣
≤ kK.
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Dividing by k and passing to the limit as k →∞ yields∣∣∣σc(ϕ˜F φ˜)− σc(φ˜) + 〈F 〉∣∣∣ = lim
k→∞
∣∣∣c((ϕ˜F φ˜)k)− c(φ˜k) + k〈F 〉∣∣∣
k
≤ K.
Then, Proposition 3.10 completes the proof of Proposition 3.11. 
3.3.2. Bounded spectrum condition. Let c : H˜am(M) → R be a subadditive invari-
ant.
Definition 3.13. An open subset U of M satisfies the bounded spectrum condition
with respect to c if there exists a positive numberK > 0 such that for any F ∈ H(U),
(4) c(ϕ˜F ) + 〈F 〉 ≤ K.
Note that the normally bounded spectrum condition implies the bounded spec-
trum condition.
3.3.3. Asymptotically vanishing spectrum condition. Let c : H˜am(M) → R be a
subadditive invariant.
Definition 3.14. An open subset U of M satisfies the asymptotically vanishing
spectrum condition with respect to c if for any F ∈ H(U),
(5) σc(ϕ˜F ) + 〈F 〉 = 0.
Remark 3.15. An argument similar to the proof of Proposition 3.10 shows that the
asymptotically vanishing spectrum condition is weaker than the bounded spectrum
condition.
Proposition 3.16. Every open subset of M displaceable from a c-superheavy subset
satisfies the asymptotically vanishing spectrum condition with respect to c.
To prove Proposition 3.16, we first prove
Lemma 3.17. For any φ˜, ψ˜ ∈ H˜am(M), σc(φ˜−1ψ˜φ˜) = σc(ψ˜).
Proof. Let k be an integer. By subadditivity,
−c(φ˜−1)− c(φ˜) ≤ c(φ˜−1ψ˜kφ˜)− c(ψ˜k) ≤ c(φ˜−1) + c(φ˜).
Since (φ˜−1ψ˜φ˜)k = φ˜−1ψ˜kφ˜, dividing by k and passing to the limit as k →∞ yields
σc(φ˜
−1ψ˜φ˜) = σc(ψ˜). 
Proof of Proposition 3.16. Let X be a c-superheavy subset ofM . Let U be an open
subset displaceable from X . By assumption, we can take φ ∈ Ham(M) such that
φ(U) ∩X = ∅. Since X is c-superheavy, for any F ∈ H
(
φ(U)
)
,
0 = inf
S1×X
F ≤ σc(ϕ˜F ) + 〈F 〉 ≤ sup
S1×X
F = 0.
Hence, φ(U) satisfies the asymptotically vanishing spectrum condition with respect
to c. Lemma 3.17 implies that U also satisfies the asymptotically vanishing spec-
trum condition with respect to c. 
4. Delicate Banyaga fragmentation lemma
To prove the principal theorems, we use the following folklore lemma which is a
slightly delicate version of Banyaga’s fragmentation lemma (see also [Ka16, Lemma
2.1]).
Lemma 4.1. Let (M,ω) be a symplectic manifold, K a compact subset of M and U
an open cover of M . Then, there exists a positive number NK,U such that ‖ϕH‖U ≤
NK,U for any C
1-small Hamiltonian H : [0, 1]×M → R with supp(H) ⊂ [0, 1]×K.
10 MORIMICHI KAWASAKI AND RYUMA ORITA
Proof. Since K is compact, we can take finite open coverings V = {Vi}i=1,...,ℓ and
V ′ = {V ′i }i=1,...,ℓ of K such that
• for any i, Vi ⊂ V ′i ,
• for any i there exists Ui ∈ U such that V ′i ⊂ Ui.
Take a partition of unity {ρi : K → [0, 1]}i=1,...,ℓ subordinated to V (i.e., supp(ρi) ⊂
Vi for any i). We then define functions χj : K → [0, 1] (j = 0, 1, . . . , ℓ) as
χj =
{
0 if j = 0,∑j
i=1 ρi if j = 1, . . . , ℓ.
For a Hamiltonian H : [0, 1]×M → R with supp(H) ⊂ [0, 1]×K, we define Hamil-
tonians Hj (j = 0, 1, . . . , ℓ) and Lj (j = 1, . . . , ℓ) as
Hj(t, x) = χj(x)H(t, x)
and
Lj(t, x) = −Hj−1
(
t, ϕtHj−1 (x)
)
+Hj
(
t, ϕtHj−1 (x)
)
for (t, x) ∈ [0, 1] × K, respectively. Since supp(H) ⊂ [0, 1] × K, we can regard
Hj and Lj as smooth functions on [0, 1] × M . Fix j = 1, . . . , ℓ. Note that Lj
generates the Hamiltonian diffeomorphism ϕ−1Hj−1ϕHj and thus ϕHj = ϕHj−1ϕLj .
Since Hℓ = H and H0 = 0,
ϕH = ϕHℓ = ϕHℓ−1ϕLℓ = · · · = ϕH0ϕL1 · · ·ϕLℓ = ϕL1 · · ·ϕLℓ .
Now, we claim that supp(Lj) ⊂ [0, 1]× V ′j if H is C
1-small. Since Hj−1 is also
C1-small, (ϕtHj−1 )
−1(Vj) ⊂ V ′j . Suppose that x /∈ V
′
j . Then, (ϕ
t
Hj−1 )(x) /∈ Vj
and in particular, (ϕtHj−1 )(x) /∈ supp(ρj). Since χj =
∑j
i=1 ρi, χj−1
(
ϕtHj−1 (x)
)
=
χj
(
ϕtHj−1 (x)
)
for any t. Hence, Lj(t, x) = 0 for any x /∈ V ′j and any t ∈ [0, 1]. This
completes the proof of the claim.
By supp(Lj) ⊂ [0, 1]×V ′j and the second condition on V
′, supp(Lj) ⊂ [0, 1]×Uj.
Therefore, since ϕH = ϕL1 · · ·ϕLℓ ,
‖ϕH‖U ≤ ℓ.
Thus, we can take ℓ as NK,U in Lemma 4.1. 
5. Proof of the principal theorems
In this section, we prove Theorems 1.3, 1.4, and 1.5.
5.1. Proof of Theorem 1.3.
Proof. For i = 1, . . . , N , we choose a normalized time-independent Hamilton-
ian Hi : M → R such that Hi|Xi ≡ 1 and Xj ∩ supp(Hi) = ∅ whenever j ∈
{0, 1, . . . , N} \ {i}. We define an injective homomorphism I : RN → Ham(M) to be
I(r1, . . . , rN ) = ϕr1H1+···+rNHN .
Hence, it is enough to show that I is bi-Lipschitz.
We fix i = 0, 1, . . . , N and set r0 = 0. Since Xi is ci-superheavy and (r1H1 +
· · ·+ rNHN )|Xi ≡ ri, Proposition 3.5 implies that
(6) σci(ϕ˜r1H1+···+rNHN ) = ri.
We set α = ‖ϕr1H1+···+rNHN ‖U . Let us designate that
ϕr1H1+···+rNHN = ϕF1 · · ·ϕFα ,
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where Fℓ ∈ H
(
φℓ(U)
)
for some φℓ ∈ Ham(M) for ℓ = 1, . . . , α. Since U satisfies the
normally bounded spectrum condition with respect to ci, Proposition 3.11 implies
that there exists a positive number Ki > 0 such that
|σci(ϕ˜F1 · · · ϕ˜Fα)− σci(ϕ˜F1 )− σci(ϕ˜F2 · · · ϕ˜Fα)| ≤ Ki,
|σci(ϕ˜F2 · · · ϕ˜Fα)− σci(ϕ˜F2 )− σci(ϕ˜F3 · · · ϕ˜Fα)| ≤ Ki,
· · ·
|σci(ϕ˜Fα−1 ϕ˜Fα)− σci(ϕ˜Fα−1)− σci(ϕ˜Fα)| ≤ Ki.
Therefore, by Proposition 3.10 and the triangle inequality,
(7)
∣∣∣∣∣σci(ϕ˜F1 · · · ϕ˜Fα) +
α∑
ℓ=1
〈Fℓ〉
∣∣∣∣∣ ≤ (α− 1)Ki < αKi.
Now, we define a map σ′i : H˜am(M)→ R to be σ
′
i = σci − σc0 . Then, by (6) and
(7), we obtain
σ′i(ϕ˜r1H1+···+rNHN ) = ri − r0 = ri,
and
|σ′i(ϕ˜F1 · · · ϕ˜Fα)| < α(Ki +K0).
Since the natural projection π : H˜am(M)→ Ham(M) is a group homomorphism,
π(ϕ˜F1 · · · ϕ˜Fα) = ϕF1 · · ·ϕFα = ϕr1H1+···+rNHN .
By assumption, ci descends asymptotically to Ham(M). Hence, the map σ
′
i =
σci − σc0 induces a map σ¯
′
i : Ham(M)→ R such that σ
′
i = σ¯
′
i ◦ π. Thus,
|ri| = |σ
′
i(ϕ˜r1H1+···+rNHN )| = |σ¯
′
i(ϕF1 · · ·ϕFα)|
= |σ′i(ϕ˜F1 · · · ϕ˜Fα)| < α(Ki +K0).
Hence,
‖ϕr1H1+···+rNHN ‖U = α > (Ki +K0)
−1|ri|.
Therefore,
‖ϕr1H1+···+rNHN ‖U > N
−1
(
max
1≤i≤N
Ki +K0
)−1
(|r1|+ · · ·+ |rN |).
On the other hand, since supp(Hi) is compact for any i, by Lemma 4.1, there
exist positive numbers Ni,U and ε such that for any 0 ≤ t ≤ ε,
‖ϕtHi‖U = ‖ϕtHi‖UU ≤ Ni,U .
Set NU = maxiNi,U . For each i = 1, . . . , N , choose a non-negative integer ai and
a non-negative number bi with bi < ε such that ri = aiε+ bi. Then,
‖ϕr1H1+···+rNHN ‖U ≤ ‖ϕr1H1‖U + · · ·+ ‖ϕrNHN ‖U
≤ ‖ϕa1εH1ϕb1H1‖U + · · ·+ ‖ϕ
aN
εHN
ϕbNHN ‖U
≤ (a1 + · · ·+ aN +N)NU .
This completes the proof of Theorem 1.3. 
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5.2. Proof of Theorem 1.4.
Proof. Since the proof is almost same as that of Theorem 1.3, we provide only the
necessary changes.
Let H1, . . . , HN and I : R
N → Ham(M) be chosen as in the proof of Theorem
1.3. We fix i = 0, 1, . . . , N and set r0 = 0. We set α = ‖ϕr1H1+···+rNHN ‖U and
ϕr1H1+···+rNHN = (φ
−1
1 ϕF1φ1) · · · (φ
−1
α ϕFαφα),
where Fℓ ∈ H(U) and φℓ ∈ Ham(M) for ℓ = 1, . . . , α. Since U satisfies the
asymptotically vanishing spectrum condition with respect to ci, Lemma 3.17 implies
that
σci(φ˜
−1
ℓ ϕ˜Fℓ φ˜ℓ) = σci(ϕ˜Fℓ) = −〈Fℓ〉
for all ℓ. We define a map σ′i : H˜am(M)→ R to be σ
′
i = σci − σc0 . Then,
(8) σ′i(φ˜
−1
ℓ ϕ˜Fℓ φ˜ℓ) = −〈Fℓ〉+ 〈Fℓ〉 = 0
for all ℓ.
On the other hand, since the homogenization of a quasi-morphism is also a quasi-
morphism (see, for example, [Ca]), there exists a positive number Ki > 0 such that∣∣∣σci(φ˜ψ˜)− σci(φ˜)− σci(ψ˜)∣∣∣ < Ki
for any φ˜, ψ˜ ∈ H˜am(M). Hence, we obtain
(9)
∣∣∣σ′i(φ˜ψ˜)− σ′i(φ˜)− σ′i(ψ˜)∣∣∣ < Ki +K0
for any φ˜, ψ˜ ∈ H˜am(M). Using (8) and (9) several times yields∣∣∣σ′i ((φ˜−11 ϕ˜F1 φ˜1) · · · (φ˜−1α ϕ˜Fα φ˜α))∣∣∣ < (α− 1)(Ki +K0) < α(Ki +K0).
Then, the remainder of the proof follows the same path as in Theorem 1.3. 
5.3. Proof of Theorem 1.5.
Proof. LetH1, . . . , HN and I : R
N → Ham(M) be chosen as in the proof of Theorem
1.3. We fix i = 1, . . . , N and set r0 = 0. We define a map σ
′
i : H˜am(M)→ R to be
σ′i = σci − σc0 . Then, by (6),
σ′i(ϕ˜r1H1+···+rNHN ) = ri − r0 = ri.
We set α = ‖ϕr1H1+···+rNHN ‖U . Let us denote
ϕr1H1+···+rNHN = ϕF1 · · ·ϕFα ,
where Fℓ ∈ H(Uλℓ) for some Uλℓ ∈ U .
Since Uλℓ satisfies the bounded spectrum condition with respect to ci and c0 for
all ℓ, there exist positive numbers Ki,K0 > 0 such that
(10) ci(ϕ˜Fℓ) + 〈Fℓ〉 < Ki and c0(ϕ˜
−1
Fℓ
)− 〈Fℓ〉 < K0
for all ℓ. We claim that
|σ′i(ϕ˜F1 · · · ϕ˜Fα)| < α(Ki +K0).
Indeed, by subadditivity,
ci
(
(ϕ˜F1 · · · ϕ˜Fα)
k
)
≤ kci(ϕ˜F1 ) + · · ·+ kci(ϕ˜Fα),
c0
(
(ϕ˜−1Fα · · · ϕ˜
−1
F1
)k
)
≤ kc0(ϕ˜
−1
F1
) + · · ·+ kc0(ϕ˜
−1
Fα
),
and
−c0
(
(ϕ˜F1 · · · ϕ˜Fα)
k
)
≤ c0
(
(ϕ˜−1Fα · · · ϕ˜
−1
F1
)k
)
− c(1).
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By combining with (10), we obtain
ci
(
(ϕ˜F1 · · · ϕ˜Fα)
k
)
− c0
(
(ϕ˜F1 · · · ϕ˜Fα)
k
)
≤ k
α∑
ℓ=1
(
ci(ϕ˜Fℓ) + c0(ϕ˜
−1
Fℓ
)
)
− c(1)
< kα(Ki +K0)− c(1).
Similarly,
c0
(
(ϕ˜F1 · · · ϕ˜Fα)
k
)
− ci
(
(ϕ˜F1 · · · ϕ˜Fα)
k
)
< kα(Ki +K0)− c(1).
Therefore,∣∣ci ((ϕ˜F1 · · · ϕ˜Fα)k)− c0 ((ϕ˜F1 · · · ϕ˜Fα)k)∣∣ < |kα(Ki +K0)− c(1)|.
Thus, dividing by k and passing to the limit as k →∞ yields
|σ′i(ϕ˜F1 · · · ϕ˜Fα)| = lim
k→∞
∣∣ci ((ϕ˜F1 · · · ϕ˜Fα)k)− c0 ((ϕ˜F1 · · · ϕ˜Fα)k)∣∣
k
< α(Ki +K0).
Since the natural projection π : H˜am(M)→ Ham(M) is a group homomorphism,
π(ϕ˜F1 · · · ϕ˜Fα) = ϕF1 · · ·ϕFα = ϕr1H1+···+rNHN .
By assumption, ci and c0 descend asymptotically to Ham(M). Hence, the map
σ′i = σci − σc0 induces a map σ¯
′
i : Ham(M)→ R such that σ
′
i = σ¯
′
i ◦ π. Thus,
|ri| = |σ
′
i(ϕ˜r1H1+···+rNHN )| = |σ¯
′
i(ϕF1 · · ·ϕFα)| = |σ
′
i(ϕ˜F1 · · · ϕ˜Fα)| < α(Ki +K0).
Then, the remainder of the proof follows the same path as in Theorem 1.3. 
6. Lagrangian spectral invariants
Lagrangian spectral invariants for monotone Lagrangian submanifolds were de-
fined by Leclercq and Zapolsky [LZ]. In this section, we review their properties and
prove the corollaries given in Section 2.
Let (M,ω) be a closed symplectic manifold. Let L be a monotone Lagrangian
submanifold of (M,ω) with minimal Maslov number NL ≥ 2 (For the definitions
of the monotonicity and the minimal Maslov number of a Lagrangian submanifold,
see [Oh96, BC, LZ] for example).
We fix a commutative ring R. Assuming that L is relatively Pin± (see [Za,
Section 7.1] for the definition), Zapolsky defined the Lagrangian quantum homol-
ogy 1 QH∗(L;R) of L [Za, Sections 4 and 7.3]. Moreover, he defined the La-
grangian Floer homology HF∗(L;R) of L and proved that there exists an isomor-
phism QH∗(L;R)
∼= HF∗(L;R) called the Piunikhin–Salamon–Schwarz isomor-
phism [Za, Sections 5 and 7.3]. His work generalizes that of Oh and that of Biran
and Cornea [Oh96, BC].
We assume that QH∗(L;R) 6= 0. Following [LZ, Section 3], one can define the
Lagrangian spectral invariant c(L;R) : H˜am(M)→ R associated with the fundamen-
tal class [L] ∈ QH∗(L;R). Moreover, Leclercq and Zapolsky proved that c
(L;R) is a
subadditive invariant [LZ, Theorem 41].
To prove Corollaries 2.4, 2.6, 2.8 and Theorem 2.9, we first prove the following
result.
Theorem 6.1. If (M,ω) is either (CPn, ωFS) or (Σ~g, ω), then the Lagrangian
spectral invariant c(L;R) : H˜am(M)→ R descends asymptotically to Ham(M).
1 In Leclercq and Zapolsky’s terminology, our Lagrangian quantum homology QH
∗
(L;R)
(resp., Lagrangian Floer homology HF∗(L;R)) is the quotient Lagrangian quantum homology
QH
pi0
2
(M,L)
∗
(L;R) (resp., quotient Lagrangian Floer homology HF
pi0
2
(M,L)
∗
(L;R)), where pi02(M,L)
is the kernel of [ω] : pi2(M,L)→ R.
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One can also define the quantum homology 2 QH∗(M ;R) of the ambient manifold
(M,ω) [Za, Sections 4.5 and 7.2]. Let c(M ;R) : H˜am(M) → R be the Oh–Schwarz
spectral invariant associated with the fundamental class [M ] ∈ QH∗(M ;R). c
(M ;R)
is also a subadditive invariant (see, for example, [Oh05, Theorem I]).
Now, we have the quantum module action
• : QH∗(M ;R)⊗QH∗(L;R)→ QH∗(L;R)
(see [Za, Section 7.4], [LZ, Section 2.5.3]). [LZ, Proposition 5] then yields the
following inequality as a corollary.
Proposition 6.2 ([LZ, Proposition 5]). For any Hamiltonian H : S1 ×M → R,
c(L;R)(ϕ˜H) ≤ c
(M ;R)(ϕ˜H).
Proof of Theorem 6.1. As a consequence of Schwarz [Sch], c(Σ~g ;R) descends asymp-
totically to Ham(Σ~g). As a consequence of Entov and Polterovich [EP03], c
(CPn;R)
descends asymptotically to Ham(CPn). Thus, Theorem 6.1 follows from Proposi-
tions 3.2 and 6.2. 
When c(M ;R) : H˜am(M)→ R is a quasi-morphism, Proposition 6.2 enables us to
prove the following proposition.
Proposition 6.3. If c(M ;R) is a quasi-morphism, then c(L;R) is as well.
Proof. For the sake of brevity, we write cL = c(L;R) and cM = c(M ;R). By subaddi-
tivity,
cL(φ˜ψ˜)− cL(φ˜)− cL(ψ˜) ≤ 0
for any φ˜, ψ˜ ∈ H˜am(M). Hence, it is sufficient to show that there exists a positive
number K > 0 such that
cL(φ˜ψ˜)− cL(φ˜)− cL(ψ˜) > −K
for any φ˜, ψ˜ ∈ H˜am(M).
Since cM is a quasi-morphism, there exists a positive number C > 0 such that
cM (1)− cM (ψ˜)− cM (ψ˜−1) > −C.
Then, subadditivity and Proposition 6.2 imply that
cL(φ˜ψ˜)− cL(φ˜)− cL(ψ˜) ≥ −cL(ψ˜)− cL(ψ˜−1)
≥ −cM (ψ˜)− cM (ψ˜−1) > −cM (1)− C. 
To prove Corollaries 2.4, 2.6, and 2.8 and Theorem 2.9, we use the following
propositions.
Proposition 6.4 ([LZ, Ka18]). L is c(L;R)-superheavy.
Proposition 6.5 ([Ka18]). Any open subset U ⊂ M displaceable from L satisfies
the bounded spectrum condition with respect to c(L;R).
Proposition 6.6 ([Ush, Proposition 3.1], [Ka18]). Any abstractly displaceable open
subset U ⊂ M satisfies the normally bounded spectrum condition with respect to
c(M ;R) and c(L;R).
7. Proof of corollaries
In this section, we prove Corollaries 2.3, 2.4, 2.6, and 2.8. For the sake of brevity,
let Z2 denote the field Z/2Z below.
2 Similar to the above, our quantum homology QH
∗
(M ;R) is Zapolsky’s quotient quantum
homology QH
pi0
2
(M)
∗
(M ;R), where pi02(M) is the kernel of [ω] : pi2(M)→ R.
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7.1. Proof of Corollary 2.1. We think of the ball B2n as embedded in Cn and
consider the mutually disjoint tori
Tδ =
{
(w1, . . . , wn) ∈ C
n
∣∣∣∣ |wi|2 = 1δ(n+ 1) for any i = 1, . . . , n
}
,
0 < δ ≤ 1, where w1, . . . , wn are the standard complex coordinates on C
n. Let
(CPn, ωFS) be n-dimensional complex projective space and LC = {|z0| = · · · =
|zn|} ⊂ CPn the Clifford torus. For a positive number δ with δ ∈ (
n
n+1 , 1], Bi-
ran, Entov, and Polterovich [BEP, Section 4] constructed a conformally symplectic
embedding ϑδ : B
2n → CPn satisfying ϑδ(Tδ) = LC . The embeddings ϑδ : B
2n →
CPn, δ ∈ ( nn+1 , 1], induce homomorphisms (ϑδ)∗ : H˜am(B
2n)→ H˜am(CPn).
Let cCP
n
= c(CP
n;Z2) : H˜am(CPn) → R be the Oh–Schwarz spectral invariant
associated with [CPn] ∈ QH∗(CP
n;Z2). According to [EP03, Theorem 3.1], c
CPn
is a quasi-morphism. Therefore, the functions c′δ = c
CPn ◦ (ϑδ)∗ : H˜am(B2n)→ R,
δ ∈ ( nn+1 , 1], are subadditive invariants and quasi-morphisms.
Biran, Entov, and Polterovich proved that there exists a constant cn such that
Tδ is cδ-superheavy, where cδ = cn · c′δ for any δ ∈ (
n
n+1 , 1]. Since Tδ ∩ B(r) = ∅
holds for any δ with δ ∈ ( nn+1 , (
n
n+1 ) · r
−2), by Proposition 3.16, the open ball B(r)
of radius r < 1 satisfies the asymptotically vanishing condition with respect to cδ
for any δ ∈ ( nn+1 , (
n
n+1 ) · r
−2). Thus, Theorem 1.4 completes the proof of Corollary
2.1.
7.2. Proof of Corollary 2.3. First we recall the definition of stems. Let (M,ω) be
a closed symplectic manifold. Let A be a finite-dimensional Poisson-commutative
subspace of C∞(M). Let Φ: M → A∗ be the moment map given by F (x) =
〈Φ(x), F 〉 for x ∈M and F ∈ A.
Definition 7.1 ([EP06, Definition 2.3]). A closed subset X ofM is called a stem if
there exists a finite-dimensional Poisson-commutative subspace A of C∞(M) such
that X is a fiber of Φ and each non-trivial fiber of Φ, other than X , is displaceable.
The proof of the following theorem is quite similar to that of [EP09, Theorem
1.8].
Theorem 7.2 ([EP09, Theorem 1.8]). Every stem is c-superheavy, where c is a La-
grangian spectral invariant defined in [LZ] or a spectral invariant defined in [FOOO].
Proof of Corollary 2.3. Fukaya, Oh, Ohta, and Ono [FOOO] defined a family of
bulk-deformed Oh–Schwarz spectral invariants {cρ}ρ∈[0,1/2) on H˜am(S
2 × S2) and
proved that any cρ descends asymptotically to Ham(S
2×S2). They also constructed
a family of mutually disjoint Lagrangian submanifolds T (ρ) (ρ ∈ [0, 1/2)) and
proved that each T (ρ) is cρ-superheavy [FOOO, Theorem 23.4]. It is known that
when U is abstractly displaceable, U satisfies the bounded spectrum condition with
respect to cρ for any ρ (see also Proposition 6.6).
On the other hand, E × E ⊂ S2 × S2 is a stem. In particular, E × E is cρ-
superheavy for any ρ. Hence, Proposition 3.16 implies that if U is displaceable
from E×E, then U satisfies the asymptotically vanishing spectrum condition with
respect to cρ for any ρ.
Therefore, in any case, U satisfies the asymptotically vanishing spectrum condi-
tion with respect to cρ for any ρ (see also Remark 3.15). Since cρ is known to be a
quasi-morphism for any ρ, Theorem 1.4 completes the proof of Corollary 2.3. 
7.3. Proof of Corollary 2.4.
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Proof. By Biran and Cornea’s work [BC, Corollary 1.2.11 (ii)], QH∗(RP
2;Z2) ∼=
HF∗(RP
2;Z2) ∼= Z2 (see also [LZ, Section 2.6.1])
3. Moreover, Leclercq and Za-
polsky [LZ, Section 2.6.3] showed that QH∗(LW ;Z) 6= 0. Let c
RP 2 = c(RP
2;Z2) and
cLW = c(LW ;Z).
By Theorem 6.1, cRP
2
and cLW descend asymptotically to Ham(CP 2). According
to [EP03, Theorem 3.1], the Oh–Schwarz spectral invariant c(CP
2;R) is a quasi-
morphism for R = Z2 and Z. Hence, by Proposition 6.3, c
RP 2 and cLW are also
quasi-morphisms. Moreover, by Proposition 6.4, RP 2 and LW are superheavy with
respect to cRP
2
and cLW , respectively.
When U is abstractly displaceable (case (i)), Proposition 6.6 ensures that U
satisfies the normally bounded spectrum condition with respect to cRP
2
and cLW .
When U is displaceable from RP 2 and LW (case (ii)), Proposition 6.5 ensures
that U satisfies the bounded spectrum condition with respect to cRP
2
and cLW .
In addition, the Clifford torus LC is a stem [BEP]. In particular, LC is super-
heavy with respect to cRP
2
and cLW . Hence, Proposition 3.16 implies that if U
is displaceable from LC (case (iii)), then U satisfies the asymptotically vanishing
spectrum condition with respect to cRP
2
and cLW .
Therefore, in any case, U satisfies the asymptotically vanishing spectrum condi-
tion with respect to cRP
2
and cLW . Since RP 2 ∩ LW = ∅, we conclude that cRP
2
,
cLW , RP 2, LW and U satisfy the assumption of Theorem 1.4 for N = 1. This
completes the proof of Corollary 2.4. 
Remark 7.3. We do not need Theorem 6.1 to prove Corollary 2.4 if we use the
well-known fact that π1
(
Ham(CP 2)
)
= 0 (see [Gr]). We provide a more general
argument here for future works.
7.4. Proof of Corollary 2.6. We use the following result to prove Corollary 2.6.
Proposition 7.4 ([Pol12], [Ka17], [Ish, Proposition 4.4], [Zha, Theorem 1.9]). For
any positive integer g, there exists a positive number K such that
c(Σg ;Z2)(ϕ˜F ) + 〈F 〉 ≤ K
for any contractible open subset U of Σg and any F ∈ H(U).
Proof of Corollary 2.6. Let C be a non-contractible simple closed curve in the sur-
face Σg. We choose symplectomorphisms f1, . . . , fN of (Σg, ω) to ensure that the
subsets C, f1(C), . . . , fN (C) are mutually disjoint. We fix i = 0, 1, . . . , N . We set
Li = fi(C), where f0 = idΣg . Then, QH∗(Li;Z2)
∼= HF∗(Li;Z2) does not vanish.
Let cLi = c(Li;Z2) denote the associated Lagrangian spectral invariant. Remark
3.9, Propositions 7.4 and 6.2 imply that U satisfies the normally bounded spectrum
condition with respect to cLi for any i.
Then, Theorem 6.1 and Proposition 6.4 ensure that cL0 , . . . , cLN , L0, . . . , LN and
U satisfy the assumption of Theorem 1.3. This completes the proof of Corollary
2.6. 
Remark 7.5. We do not need Theorem 6.1 to prove Corollary 2.6 if we use the
well-known fact that π1
(
Ham(Σg)
)
= 0 for positive g (see [Pol01, Section 7.2.B]).
We provide a more general argument here for future works.
3 Given a Lagrangian submanifold L of a symplectic manifold (M,ω), our Lagrangian quantum
homology QH
∗
(L;Z2) is actually Biran and Cornea’s QH∗(L; Λ) where Λ = Z2[t, t
−1].
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7.5. Proof of Corollary 2.8.
Proof. In the proof of Corollary 2.6, we constructed mutually disjoint Lagrangian
submanifolds L0, . . . , LN ⊂ (Σg, ω) such that QH∗(Li;Z2) does not vanish. By
the construction of L0, . . . , LN and the assumption on the covering U , each Uλ is
displaceable from Li.
Then, Theorem 6.1 and Propositions 6.4 and 6.5 ensure that cL0 , . . . , cLN , L0, . . . , LN
and U = {Uλ}λ satisfy the assumption of Theorem 1.5. This completes the proof
of Corollary 2.8. 
8. Partial Calabi quasi-morphisms
Let (M,ω) be a closed symplectic manifold. Given an open subset U ⊂M such
that ω|U is exact, we recall that the Calabi homomorphism is a homomorphism
CalU : Ham(U)→ R defined by
CalU (ϕF ) =
∫ 1
0
∫
U
Ftω
n dt.
Definition 8.1 ([En]). A partial Calabi quasi-morphism is a function µ : Ham(M)→
R satisfying the following conditions.
Stability: For any Hamiltonians H,K : S1 ×M → R,∫ 1
0
min
M
(Ht −Kt) dt ≤
µ(ϕH)− µ(ϕK)
Vol(M)
≤
∫ 1
0
max
M
(Ht −Kt) dt.
Partial homogeneity: µ(φk) = kµ(φ) for any φ ∈ Ham(M) and k ∈ Z≥0.
Partial quasi-additivity: Given a displaceable open subset U ⊂ M , there
exists a positive number K > 0 such that
|µ(φψ)− µ(φ) − µ(ψ)| ≤ Kmin{‖φ‖U , ‖ψ‖U}
for any φ, ψ ∈ Ham(M).
Calabi property: For any displaceable open subset U ⊂ M such that ω|U
is exact, the restriction of µ to Ham(U) coincides with the Calabi homo-
morphism CalU .
Let c : H˜am(M) → R be a subadditive invariant descending asymptotically to
Ham(M) (see Definition 3.1). Let U be an open subset of M satisfying the nor-
mally bounded spectrum condition with respect to c (see Definition 3.6). We can
generalize Proposition 3.11 as follows.
Proposition 8.2. There exists a positive number K > 0 such that
|σ¯c(φψ) − σ¯c(φ) − σ¯c(ψ)| ≤ Kmin{‖φ‖U , ‖ψ‖U}
for any φ, ψ ∈ Ham(M).
Proof. We assume, without loss of generality, that ‖φ‖U ≤ ‖ψ‖U . We represent
φ ∈ Ham(M) as φ = φ1 · · ·φα with ‖φi‖U = 1 for all i. We claim that
|σ¯c(φψ)− σ¯c(φ) − σ¯c(ψ)| ≤ C(2α− 1)
for some C > 0. Then, the proposition follows if we set K = 2C. We prove the
claim by induction on α = ‖φ‖U .
When α = 1, we can choose a Hamiltonian F such that ϕF = φ and F ∈ H
(
θ(U)
)
for some θ ∈ Ham(M). Then, Proposition 3.11 implies that
|σ¯c(φψ)− σ¯c(φ) − σ¯c(ψ)| = |σ¯c(ϕFψ)− σ¯c(ϕF )− σ¯c(ψ)| ≤ C
for some C > 0. This proves the claim.
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We assume that the claim holds for ‖φ‖U = α. For φ ∈ Ham(M) with ‖φ‖U =
α + 1, we decompose it into φ = φαφ1 where ‖φα‖U = α and ‖φ1‖U = 1. By the
induction hypothesis,
|σ¯c(φψ) − σ¯c(φα)− σ¯c(φ1ψ)| ≤ C(2α− 1).
Moreover, since ‖φ1‖U = 1,
|σ¯c(φ1ψ)− σ¯c(φ1)− σ¯c(ψ)| ≤ C and |σ¯c(φ1) + σ¯c(φα)− σ¯c(φ)| ≤ C.
Hence,
|σ¯c(φψ) − σ¯c(φ)− σ¯c(ψ)| ≤ C(2α+ 1).
This completes the proof of Proposition 8.2. 
Remark 8.3. Since the fragmentation norm ‖ · ‖U with respect to a covering U is
not conjugation invariant in general, we cannot prove a proposition corresponding
to Proposition 8.2 in the same manner (see also the proof of Proposition 3.11).
8.1. Proof of Theorem 2.9. For ~g = (g1, . . . , gn) ∈ Nn, we recall that (Σ~g, ω) is
the product manifold Σ~g = Σg1 × · · · × Σgn equipped with a symplectic form ω.
Proof. Let Ci be a non-contractible simple closed curve in the surface Σgi , and let
C denote the Lagrangian submanifold C1 × · · · × Cn of (Σ~g, ω ~A).
For all positive integersN , we choose symplectomorphisms f1, . . . , fN of (Σ~g, ω ~A)
to ensure that the subsets C, f1(C), . . . , fN (C) are mutually disjoint. We fix i =
0, 1, . . . , N . We set Li = fi(C), where f0 = idΣ~g . Then, QH∗(Li;Z2)
∼= HF∗(Li;Z2)
does not vanish. Let ci = c
(Li;Z2) : H˜am(Σ~g) → R denote the Lagrangian spectral
invariant associated with [Li] ∈ QH∗(Li;Z2). By Theorem 6.1, ci descends asymp-
totically to Ham(Σ~g).
Now, we define a function µi : Ham(Σ~g) → R by µi = −Vol(Σ~g) · σ¯ci . By
definition, µi satisfies partial homogeneity. By Proposition 6.6, any displaceable
open subset of Σ~g satisfies the normally bounded spectrum condition with respect
to ci. Hence, Proposition 8.2 implies partial quasi-additivity. Moreover, the Calabi
property follows from Proposition 3.10. In fact, for any displaceable open subset U
such that ω|U is exact, and any Hamiltonian F ∈ H(U),
µi(ϕF ) = −Vol(Σ~g) · σ¯ci(ϕF ) = Vol(Σ~g) · 〈F 〉 = CalU (ϕF ).
Finally, [LZ, Theorem 41] ensures the stability of µi. Hence, µi is a partial Calabi
quasi-morphism.
By construction, µ0, µ1, . . . , µN are linearly independent. This completes the
proof of Theorem 2.9. 
9. Problems
The authors are yet to find the answers to the following problems.
Problem 9.1. Let (M,ω) be a closed symplectic manifold. Let c : H˜am(M) → R
be either the Oh–Schwarz spectral invariant or the Lagrangian spectral invariant
defined in [LZ]. Does there exist an open subset U of M satisfying the asymptoti-
cally vanishing spectrum condition with respect to c but not the normally bounded
spectrum condition?
Related to Corollary 2.8, we pose the following problem.
Problem 9.2. Let (Σg, ω) be a closed Riemann surface of positive genus g with a
symplectic form ω. Let C be a non-contractible simple closed curve in Σg and U
an open subset of Σg displaceable from C. Does there exist a bi-Lipschitz injective
homomorphism
I : (Z, |·|)→ (Ham(Σg), ‖ · ‖U )?
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The following problem is also related to Corollary 2.8.
Problem 9.3. Let (T2 = R/Z × R/Z, ω) be a 2-torus with a symplectic form ω.
Let U be an open neighborhood of ({0} ×R/Z) ∪ (R/Z× {0}) and V a contractible
open subset of T2 with T2 = U ∪ V . We consider the open covering U = {U, V } of
T2. Does there exist a bi-Lipschitz injective homomorphism
I : (Z, |·|)→ (Ham(T2), ‖ · ‖U)?
Related to Corollary 2.4, we pose the following problem.
Problem 9.4. Let (CPn, ωFS) be n-dimensional complex projective space with the
Fubini–Study form ωFS. Let LC be the Clifford torus in CP
n and U an open subset
of CPn displaceable from LC. Let (Σg, ω) be a closed Riemann surface of positive
genus g with a symplectic form ω and C a non-contractible simple closed curve
in Σg. We consider the product manifold (CP
n × Σg, ωFS ⊕ ω), the Lagrangian
submanifold LC × C, and the open subset Û = U × Σg of CPn × Σg. Does there
exist a bi-Lipschitz injective homomorphism
I : (Z, |·|)→ (Ham(CPn × Σg), ‖ · ‖Û )?
By Proposition 6.5, Û satisfies the bounded spectrum condition with respect to
c(LC×C;R) for any ring R. However, by an argument similar to [EP09], we see that
c(LC×C;R) is not a quasi-morphism and that we therefore cannot apply Theorem
1.4.
Acknowledgments
The authors would like to thank Professor Yong-Geun Oh and Takahiro Mat-
sushita for some advice. Especially, Takahiro Matsushita read our draft seriously
and gave a lot of comments on writing. A part of this work was carried out while
the first named author was visiting NCTS (Taipei, Taiwan) and the second named
author was visiting IBS-CGP (Pohang, Korea). They would like to thank the in-
stitutes for their warm hospitality and support.
References
[Ba] A. Banyaga, Sur la structure du groupe des diffe´omorphismes qui pre´servent une forme
symplectique, Comment. Math. Helv. 53 (1978), no. 2, 174–227.
[BC] P. Biran and O. Cornea, Rigidity and uniruling for Lagrangian submanifolds, Geom. Topol.
13 (2009), no. 5, 2881–2989.
[BEP] P. Biran, M. Entov and L. Polterovich, Calabi quasimorphisms for the symplectic ball,
Commun. Contemp. Math. 6 (2004), no. 5, 793–802.
[Br] M. Brandenbursky, Bi-invariant metrics and quasi-morphisms on groups of Hamiltonian
diffeomorphisms of surfaces, Internat. J. Math. 26 (2015), no. 9, 1550066.
[BK] M. Brandenbursky and J. Ke¸dra, Fragmentation norm and relative quasimorphisms,
arXiv:1804.06592.
[BKS] M. Brandenbursky, J. Ke¸dra and E. Shelukhin, On the autonomous norm on the group
of Hamiltonian diffeomorphisms of the torus, Commun. Contemp. Math. 20 (2018), no. 2,
1750042.
[BIP] D. Burago, S. Ivanov and L. Polterovich, Conjugation-invariant norms on groups of geo-
metric origin, Adv. Stud. Pure Math. 52 (2008), 221–250.
[Ca] D. Calegari, scl, MSJ Memoirs, Vol. 20 (Mathematical Society of Japan, 2009).
[CS] Y. Chekanov and F. Schlenk, Notes on monotone Lagrangian twist tori, Electron. Res.
Announc. Math. Sci. 17 (2010), 104–121.
[En] M. Entov, Quasi-morphisms and quasi-states in symplectic topology, The Proceedings of the
International Congress of Mathematicians (Seoul, 2014).
[EP03] M. Entov and L. Polterovich, Calabi quasimorphism and quantum homology, Int. Math.
Res. Not. 2003 (2003), no. 30, 1635–1676.
[EP06] M. Entov and L. Polterovich, Quasi-states and symplectic intersections, Comment. Math.
Helv. 81 (2006), no. 1, 75–99.
20 MORIMICHI KAWASAKI AND RYUMA ORITA
[EP09] M. Entov and L. Polterovich, Rigid subsets of symplectic manifolds, Compos. Math. 145
(2009), no. 3, 773–826.
[EPP] M. Entov, L. Polterovich and P. Py, On continuity of quasimorphisms for symplectic maps,
in Perspectives in Analysis, Geometry, and Topology, eds. I. Itenberg, B. Jo¨ricke and M.
Passare (Birkha¨user/Springer, 2012), 169–197.
[FOOO] K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono, Spectral invariants with bulk, quasimorphisms
and Lagrangian Floer theory, arXiv:1105.5123v3, to appear in Mem. Amer. Math. Soc.
[Ga] A. Gadbled, On exotic monotone Lagrangian tori in CP2 and S2 × S2, J. Symplectic Geom.
11 (2013), no. 3, 343–361.
[Gr] M. Gromov, Pseudo holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985),
no. 2, 307–347.
[Ish] S. Ishikawa, Spectral invariants of distance functions, J. Topol. Anal. 8 (2016), no. 1, 655–
676.
[Ka16] M. Kawasaki, Fragmented Hofer’s geometry, arXiv:1612.01080, to appear in Internat. J.
Math.
[Ka17] M. Kawasaki, Superheavy Lagrangian immersions in surfaces, to appear in J. Symplectic
Geom.
[Ka18] M. Kawasaki, Function theoretical applications of Lagrangian spectral invariants,
arXiv:1811.00527.
[La] S. Lanzat, Quasi-morphisms and symplectic quasi-states for convex symplectic manifolds,
Int. Math. Res. Not. 2013 (2013), no. 23, 5321–5365.
[LZ] R. Leclercq and F. Zapolsky, Spectral invariants for monotone Lagrangians, J. Topol. Anal.
10 (2018), no. 3, 627–700.
[LR] F. Le Roux, Simplicity of Homeo(D2, ∂D2,Area) and fragmentation of symplectic diffeomor-
phisms, J. Symplectic Geom. 8 (2010), no. 1, 73–93.
[Mc] D. McDuff, Monodromy in Hamiltonian Floer theory, Comment. Math. Helv. 85 (2010),
no. 1, 95–133.
[MVZ] A. Monzner, N. Vichery and F. Zapolsky, Partial quasimorphisms and quasistates on
cotangent bundles, and symplectic homogenization, J. Mod. Dyn. 6 (2012), no. 2, 205–249.
[OU] J. Oakley and M. Usher, On certain Lagrangian submanifolds of S2×S2 and CPn, Algebr.
Geom. Topol. 16 (2016), no. 1, 149–209.
[Oh96] Y.-G. Oh, Relative Floer and quantum cohomology and the symplectic topology of La-
grangian submanifolds, in Contact and Symplectic Geometry, eds. C. B. Thomas (Cambridge,
1994), 201–267.
[Oh05] Y.-G. Oh, Construction of spectral invariants of Hamiltonian paths on closed symplectic
manifolds, in The Breadth of Symplectic and Poisson Geometry, eds. J. E. Marsden and T.
Ratiu (Birkha¨user/Springer, 2005), 525–570.
[Oh06] Y.-G. Oh, Lectures on Floer theory and spectral invariants of Hamiltonian flows, in Morse
Theoretic Methods in Nonlinear Analysis and in Symplectic Topology, eds. P. Biran, O.
Cornea and F. Lalonde (Springer, 2006), 321–416.
[Pon] L. S. Pontryagin, Selected works Vol. 2, Topological groups, Edited and with a preface by
R. V. Gamkrelidze. Translated from the Russian and with a preface by A. Brown. With ad-
ditional material translated by P. S. V. Naidu. Third edition. Classics of Soviet Mathematics.
Gordon & Breach Science Publishers, New York, 1986.
[Pol01] L. Polterovich, The Geometry of the Group of Symplectic Diffeomorphism, Lectures in
Mathematics, ETH Zu¨rich (Birkha¨user Basel, 2001).
[Pol12] L. Polterovich, Quantum unsharpness and symplectic rigidity, Lett. Math. Phys. 102
(2012), no. 3, 245–264.
[PR] L. Polterovich and D. Rosen, Function theory on symplectic manifolds, CRM Monograph
Series, Vol. 34 (American Mathematical Society, 2014).
[Py06a] P. Py, Quasi-morphismes et invariant de Calabi, Ann. Sci. E´cole Norm. Sup. 4 (2006),
no. 1, 177–195.
[Py06b] P. Py, Quasi-morphismes de Calabi et graphe de Reeb sur le tore, C. R. Math. Acad. Sci.
Paris 343 (2006), no. 5, 323–328.
[Sch] M. Schwarz, On the action spectrum for closed symplectically aspherical manifolds, Pacific
J. Math. 193 (2000), no. 2, 419–461.
[Ush] M. Usher, The sharp energy-capacity inequality, Commun. Contemp. Math. 12 (2010),
no. 3, 457–473.
[Wu] W. Wu, On an exotic Lagrangian torus in CP 2, Compos. Math. 151 (2015), no. 7, 1372–
1394.
[Zha] J. Zhang, Symplectic structure perturbations and continuity of symplectic invariants,
arXiv:1610.00516.
DISJOINT SUPERHEAVY SUBSETS AND FRAGMENTATION NORMS 21
[Za] F. Zapolsky, The Lagrangian Floer-quantum-PSS package and canonical orientations in
Floer theory, arXiv:1507.02253.
(Morimichi Kawasaki) Research Institute for Mathematical Sciences, Kyoto Univer-
sity, Kyoto 606-8502, Japan
E-mail address: kawasaki@kurims.kyoto-u.ac.jp
(Ryuma Orita) Department of Mathematical Sciences, Tokyo Metropolitan Univer-
sity, Tokyo 192-0397, Japan
E-mail address: ryuma.orita@gmail.com
URL: https://ryuma-orita.github.io/
